GROUPS WHICH HAVE A FAITHFUL REPRESENTATION
OF DEGREE LESS THAN p—1

BY
WALTER FEIT(!)

1. Introduction. The object of this paper is to prove the following result
which was conjectured by R. Brauer in a conversation with the author.

THEOREM. Let G be a group of order g which has a faithful representation
of degree n over the complex numbers. Let g = g h where(g;,h) =landp>n +1
for every prime p dividing h. Then G contains a normal abelian subgroup K
of order h or h/p for some prime p(?).

In a previous paper [5], the author and J. G. Thompson investigated groups
which satisfy the more stringent condition p > 2n + 1. The general outline of
the proof of the theorem above is quite similar to the proof used in [5]. However,
since there are two possibilities in the conclusion of the theorem, induction of
necessity forces one to investigate several cases where only one occurred in the
argument used in [5].

The theorem is of course vacuously true if k is a prime. However, in the course
of the proof it is often necessary to use detailed information concerning the
irreducible characters of a group whose order is divisible by only the first power
of a prime. The relevant information which is needed is contained in §3 and is
essentially due to R. Brauer [2; 3] and H. F. Tuan [7]. At this point the theory of
modular characters appears to be unavoidable. We also utilize the fact proved by
N. Ito [6], that if a solvable group G satisfies the hypotheses of the theorem, then
G contains a normal subgroup of order h.

2. Notation. All groups in this paper are assumed to be finite.

If X is a group then X' and Z(X) denote the commutator subgroup and center of
X respectively. If Y is a subset of X then Y <1 X means that Y is a normal subgroup
of X. If A4, B are subsets of X, then 4 — B means set theoretic difference. U means
set theoretic union.
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If S is a subset of X then:

{8 is the group generated by S. (1) and 1 will generally be identified,
S*=8- (1),

| S| is the cardinality of S,

Cx(S) is the centralizer of S in X,

Nx(S) is the normalizer of S in X,

A subset S of X is a trivial intersection set in X or a T.I. set in X if
(i) S<=Nx(9),

(i) x"'Sx NS < (1) for all xeX — Nx(S).

For any complex valued class functions o, on X define

(@, B)x = I—;—l Z (o,

where — denotes complex conjugation, and | « |Z = (2,%)x. The subscript X is
omitted whenever it is clear from context which group is involved.

If a is a character of X then the kernel of the representation with character « is
also called the kernel of a. Furthermore «a is said to be faithful if its kernel is {1 ).
If B is another character of X then f < « means that a — f=0ora—fis a
character of X.If « is a class function of a subgroup of X then a* denotes the
class function of X induced by «a.

1, is the principal character of X.

px is the character of the regular representation of X.

If p is a prime then a character « is p-rational if its field of values is linearly
disjoint from the field of p" th roots of unity over the rationals. Two characters «,
are p-conjugate if there exists an automorphism ¢ of the field generated by the
values of « such that () = B and o leaves all mth roots of unity in any extension
field fixed for any m such that p }m.

For convenience we state here a result which is a generalization of Lemma 1
in [5]. The proof used there yields the following statement.

LemMA 2.1. If Y<X and x is an element of X such that Cx(x) N Y= (1),
then A(x) = 0 for any irreducible character A of X which does not have Y in its
kernel.

3. Groups which have a Sylow subgroup of prime order. Lemma 3.1 is proved
by the methods of R. Brauer (see [2; 3]), and is a simple consequence of his
results. It was stated without proof by Tuan [7, Lemma 4]. Most of the proof
could be recast so as to make no reference to the theory of modular characters.
However the only known proof of the important relations (3.4) and (3.5) makes
use of the modular theory. Only the statement of the lemma will be used in the
sequel.
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LeMMA 3.1. Let p be a prime and let X be a group whose Sylow p-group P
has order p. Let e = [Nx(P): Cx(P)]. Let Y be the normal subgroup of X genera-
ted by P. Assume P is not normal in X and X has anirreducible character w such
that o(1)<(p —1) and w |y is a faithful character of Y. Then Y=Y’ and there
exists a linear character A of Cx(P) which does not have P in its kernel such
that if X denotes the character of Ny(P) induced by A then one of the following
possibilities must occur

i) @ p=pp—ijp and o()=p—e(p+1)/2

(i) w,p=4,pand () =e=(p—1)/2.

Proof. We will first show that it suffices to prove the lemma for groups X
satisfying X = X' =Y. Suppose this has been done. Let 0 |y = Y _,w;, where
each w; is an irreducible character of Y. Let Y; be the kernel of w;. Since Y<( X, w;(1)
=w,(1) for 1 £i<s. Thus if s> 1, then w,(1) <(p—1)/2 and hence PY,qY
[5, Theorem 1]. Since n,.Yi = 1, this yields that P<Y and so P< X contrary to
assumption. Hence w | y is irreducible.

If Y# Y’, then there exists Y;<Y such that [Y: Y;] = p. Let q be any prime
dividing | Y; | and let Q be a Sylow g-group of Y; which is normalized by P.
Then PQ is a solvable group and thus (see [6]) Q < Ny(P). Hence | Y’ | | | Ny(P) |
and so P<Y contrary to assumption. Hence Y=Y'.

Since @ is a class function on X, the lemma applied to Y yields that
[Ny(P): Cy(P)] = e. Thus the result follows for X once it is known for Y.

We will now assume that X = X’ = Y and hence w is a faithful character of X.

Let C = Cx(P) and let N = N4(P). Then N/C is a cyclic group of order e and
e] (p — 1). For any class function « of C let « ™ be the class function of N induced
by a. A well-known theorem of Burnside [8, p. 173] implies that

C=PxV

for some group V.
We have [3, Theorem 1 and Corollary 2] that e < (p — 1)/2 and either

3.1) w;p=0(1){pp - ?’P}
or
(3.2) wic = (A0)%,

for some nonprincipal linear character A of C/V and some irreducible character
0 of C/P.
If (3.1) holds then

(p— 1) > (1) = 0(1)(p - €) 2 6(1) (—PT“‘I) '

Thus 6(1) < 2and so (1) = 1. This shows that case (i) of the lemma occurs.
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Assume now that (3.2) holds. It suffices to show that e = (p — 1)/2. Since in that
case e = (p — 1)/2 and (3.2) yields that

(p—D>wﬂkwﬂD=£71“Q

Therefore 6(1) < 2 and so 6(1) = 1. Case (ii) of the lemma now follows from (3.2).
Let B, be the p-block of X which contains 1y.Then [2; 3]

By = {a}U{B;} V{xl

where each «; and f; is p-rational, {,} is a family of p-conjugate characters and

(3.3) o =221, [ B =e.

e

Furthermore for all i and j
(3.9 ayp = 1p + aipp,
@3.5) Biic = — lc+bjpciy +0ipcyvs

for some characters 6; of C/P orthogonal to 1 and integers a;, b;. If {2y} is the set
of all distinct characters of N induced by nonprincipal linear characters 4; of
C|V, then | {4{}| = (p — 1)/e and the notation can be chosen so that

(3.6) Ajp = — 5'111(le +cpp, 6= 11

for all k and some integer c. Equations (3.4), (3.5 and (3.6) yield that
[2, Theorem 11]

3.7 s + o) = X By(D),

for y = x.
Since P is not in the kernel of w and w(1) < p — 1, w is not p-rational. Let o’
be a character of X distinct from w which is p-conjugate to w. Then [3, Theorem 2]

(3.8) wﬁzgmm
3.9 0'o2 ycifd=—1
where ¢ is defined in (3.6) and y = g, for a suitably chosen k. By (3.2)
(3.10) (0'@)p, 1p)p = 0.
Assume first that 6 = — 1in (3.6). Then (3.6), (3.9) and (3.10) imply that
1ip = Aps

for some linear character A of C/V. Hence x(1) = e. Let K be the kernel of x. Then
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X/K has no normal subgroup of order p since X = X' =Y. Thus [3, Theorem 3]
e = (p — 1)/2 which suffices to complete the proof in this case. Hence it may be
assumed that 6 = 1. Therefore (3.6) implies that

(3.11) H=p—e.

By (3.5), (3.8) and (3.10) we get that for all j
(3.12) ﬂle =pey — 1o B(1)=p—1.
Since X = X', (3.4) implies that for all i

a(DZ2p+1ifa;#1y.
Hence if u = | {B;}], (3.3), (3.7) and (3.11) yield that
up—-Dz1+(p—e)+(e—u—-1(p+1).

Therefore
(3.13) 2uze, u=|{B}].

For any character { of C, let {’ be the p-conjugate character of { under the
automorphism which sends w into ’. Let x,,---,x, be coset representation of C
in N and for any character { of C define {; by

Liy) = {(x; P yx;) for ye C.
Then by (3.2)

e—1
Wic = X 2:0;,
i=0
and so
e—1 e—1
(3.14) ' B = }:O .Zozlgzjoﬁ,..
i=0 j=

Since (0,8;,1c) = 0 or 1 according to whether 6, # 0; or not, (3.14) implies that
(l),alc = E'lﬂ] + C,
ij
where ( is a sum of irreducible characters of C, none of which have V in their

kernel, while the summation ranges over all pairs (i,j) with 6; = 6;. Hence (3.8)
and (3.12) imply that

i,j J
Thus by (3.12)
u(p—1)= X B(1) £ T'41,(1) £ e
J i,j
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Consequently (3.13) implies that e((p — 1)/2) < €2, or (p — 1)/2 S e. As was seen
earlier this is sufficient to complete the proof of the lemma in all cases.

4. Some preliminary results. The lemmas proved in this section are general-
izations of corresponding results in [5] and are proved by the methods of [5].
For convenience the basic assumption is stated separately.

HyrotHesis 4.1. (i) Y is an abelian subgroup of the group X, N = Nx(Y),
Z=2Z(X),[N:YZ]=tand

No= | U, 6] -

yeyY
(ii) Y and Ny are T.1. sets in X and Ny = Nx(Noy) = N.
(iii) N # X.
It follows immediately from Hypothesis 4.1 that Y N Z = 1. Thus
Y# < No < N = Nx(No).
LEMMA 4.1. Assume that Hypothesis 4.1 is satisfied. Let x be an irreducible
character of X which does not have Y in its kernel. Then

(Xn’: Iy < 75775 x(D-

|Y|1/2
Proof. Let
XIN =a+ B’

where B has Yin its kernel and no irreducible constituent of « has Y in its kernel.
Let b= f(1). Then b=(xy, ly)y. Furthermore |B(x)| = b for x € YZ. Hence
Lemma 2.1 and Hypothesis 4.1 imply that

1
U= 12l > iy fat ZlacoP
2 7 |~ T ol +No§zla(x)+ﬂ(x)|,
12
> XI(A)fll I+||oc||~+(oc Bu Gl + 7 Z 1AL
1 b?
- - KO e leli e

As Y is not in the kernel of y we get that « # Oand so || a||5 = 1. Hence

x(* b
tY|

which is equivalent to the statement to be proved.
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LemMa 4.2. Assume that Hypothesis 4.1 is satisfied. Assume further thet Y is
not contained in any proper normal subgroup of X. Let y be a nonlinear ir-
reducible character of X. Then

D) +1>]|Y|V2
Proof. Let yo = 1y, x; = 1, X2,--- be all the irreducible characters of X. Define
a; = (i XX
b; = (mea 1y),
for all i. The Frobenius reciprocity theorem implies that
b= (4, 1%)-
Therefore

Y a;b;

i

(xx,19)

_ xm*
IYl INI

L |Z]t]x»)]?

= IYI )y IX(-V)IZ_ ")CIY"2

Since Y is abelian, (1) < | x;v 7. As ao = bo =1, Lemma 4.1 now yields that

x(1)? -1

D)—-12 X ab, < Xa (1)—W—.

i#0 |Y|1/21¢0 diki
As y is nonlinear this implies that | Y|"/? < (1) + 1 as required.

5. The proof of the main theorem: preliminary reductions, Throughout the
remainder of this paper let G be a counter example of minimum order to the
theorem stated in §1. Let x be the character of a faithful representation of G of
minimum degree. We will derive a contradiction from the assumed existence of G.

(5A) G contains an abelian subgroup H of order h. Furthermore h is not a
prime.

Proof. The existence of H is known [4, p. 349]. Since G is a counterexample
to the main theorem h is not a prime.

(5B) HN Z(G)=1.

Proof. Let H; = H N Z(G). Then [8, p. 173] H; NG’ =1. Thus there exists
G,<G such that G,H = Gand G, "H, = 1. Let y = X5_, x;, where each y; is a
irreducible character of G. Then for 1 i <'s, x;n, = (1) #;, where y; is a linear
character of H,. For 1 £i <, let v; be a character G/G, such that v, 5, = i; and
let 6, = v;;. Define @ = X5_, 6;. Then 0 has H, in its kernel and 0)¢, is faithful.
Thus if H; # 1 the theorem may be applied to G/H, which implies that it also
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holds for G contrary to assumption. Hence H, = 1 as required.

(5C) Let G;<iG and G# G,. Let H. = H NG, . Then there exists a subgroup
LofH, suchthat L<\G and [H, : L] = 1 or p for some prime p.

Proof. Let L be the maximal subgroup of H; which is normal in G;. The
theorem applied to G, yields that [H, : L] =1 or p for some prime p. Thus the
Sylow theorems yield that any subgroup of G; whose order divides h is conjugate
to a subgroup of H,. If xe G then x™ ' Lx = G,, hence there exists y € G, such
that y ~'x “!Lxy< H,. Furthermore y~*x~* Lxy<G,. Hence{L,y ~'x "'Lxy»<G,.
The maximal nature of L now yields that y~'x"'Lxy=L and so
x !Lx=yLy ! =L as yeG,. As x was an arbitrary element of G we get that
LG as required.

(5D) If G, <G and G, # G then (| G, |, h) = 1 or p for some prime p.

Proof. Let H, = H N G,. If the result is false then |H 1| is not a prime and
(5C) yields the existence of a subgroup L of H such that L # 1 and L<G. Hence
H < C4(L)<1G. By (5B) Cg(L) # G. Hence (5C) applied to Cg(L) yields the
existence of a subgroup L, of H such that L, <G and [H :L,]=1 or p for some
prime p. This contradicts the choice of G.

(5E) If L<G and |L||h then L = 1.

Proof. Assume that the result is false and let L<G, | L||h, L # 1. Then Lc H
and so H = C4(L)<G. By (5D) this yields that C;(L) = G contrary to (5B).

(5F) Let plhfor some prime p and let P # 1 be a p-group contained in G.
If PG, is a group, G, <GP and p ,H G,| then G, = C4(P).

Proof. For any prime g dividing | G, | there exists a Sylow g-group of G, such
that P < Ng(Q). Hence PQ is a solvable group and thus [6] P<PQ. Hence
| G1|| | Ne,p(P)| and so PG, = P x G,.

(5G) H=G'.

If the result is false then there exists G, </G such that [G :G,] = ¢q, where g is a
prime dividing h. Let P; = H N G,. Then by (5D) | P,| = p for some prime p.
Now (5F) yields that p=g and H = P is a Sylow p-group of G. Let x; be an
irreducible constituent of y which does not have P, in its kernel. Let W be the
kernel of y, and let y =y, + %2

Suppose that W s 1. Assume first that (p,| W[) = 1. Then the theorem may be
applied to G/W and yields the existence of a subgroup P, of P, P, # 1 with the
property that P,W/W <G/W. Hence by (5F) P,W =P, x W and so P,<G
contrary to assumption. Suppose now that p|| W< |. Let P, = PN W.If P, W <G
then by (5D) P,W=G. Thus [G: G, N W]=p2 and G; " W G. Hence by (5F)
P <G contrary to assumption. Thus P; W/W is not normal in G/W. Hence Lemma
3.1yields that y,(1)=(p—1)/2. Therefore x,(1)<(p—1)/2. Since x,w is a faithful
character of W we get [5, Theorem 1] that P,<W. Hence P,<G which is not
the case. Consequently W = 1. Thus the minimal nature of y(1) implies that
¥ = ¥, is irreducible.
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Since (1) < p we get that y g, is irreducible. Hence if

e =[Ng,(P,):Cq,(Py)] = [Ng(P,): Cg(Py)]
then by Lemma 3.1

(5.1) )=p—eory(l)=e =37—1.

Since P, isnot normalin G there exists a prime g such that no Sylow g-group of
G, normalizes P, . If Q is a Sylow g-group of G, then [G : Ng(Q)]=[G, : Ng,(Q)].
Hence bychoosinga suitableconjugate of Q itmay be assumed that for some element
xof P — Py, x € N(Q). Hence <{x »Q is a solvable group thus [6] (x>0 = (x> x Q.
Therefore (P,Q)» = C4(x). Thus P,, and hence P, is not normal in Cg4(x). There-
fore [8, p. 173] C4(x)=<{x) x X, where XS G,. Hence P, < X but P, is not normal
inX. Let { be an irreducible constituent of x| ., +x Which does not contain P, in
itskernel. If V is the kernelof { and P,V < X then by (5F) P, <« X, which isnot the
case. Since Ng(P) = Cg(x) we have [8, p. 169] that e = [Nx(P,) : Cx(P,)]. Hence
by Lemma 3.1 and (5.1) x|y is irreducible except possibly if x(1) = (p + 1)/2 and
{(1)=(p—1)/2. If yx is irreducible then g, «x=Aw, where 4 is a linear

character of {x) x X/X while w is an irreducible character of {(x) x X/<{x).
Hence

[ x| = [2x) o @) = [xD)].

Therefore x € Z(G) contrary to (5B).

Assume now that yx is reducible. Hence x(1) = (p + 1)/2. Thus p>3 and
[7, p. 111] G,/Z(G,) is isomorphic to PSL,(p) or Ag or A, in case p=15or 7
respectively. It is well known that PSL,(p) has no outer automorphism of order p
and Ag, 4, has no outer automorphism of order 5, 7 respectively. Hence G/Z(G) is
isomorphic to G/Z(G) x P,Z(G)/Z(G), where |P2| = p. Thus P,<G contrary to
(5E). The proof is complete.

(5H) x is an irreducible character of G and y(1) > 3.

Proof. All 1, 2 and 3 dimensional matrix groups over the complex numbers

are known (see [1]). It may be verified by inspection that the theorem holds for
these.

Let yx, be an irreducible constituent of yx, let y = x; + x, and assume that
X2 # 0. Let W be the kernel of x,. Since y has minimum degree y, # 1, thus
W # G. Furthermore W # 1. Thus by (5§G) WH # G. If HNW =1, then by
(5F) WH = W x H. The theorem applied to G/W yields the existence of a sub-
group L such that LW/W <G/W and L=H or [H:L] = p for some prime p.
Thus LW <G and LW = L x W. Hence L< G contrary to (5E).

Assume now that K = H N W # L. Then |K| = p for some prime p
by (5D). If K< W, then K< G contrary to (5E). Hence [5, Theorem 1]
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x2(1) > (p — 1)/2 2 (x(1) + 1)/2. Thus x;(1) < (x(1) + 1)/2. Hence [5, Theorem 1]
HW|[W qG/W and so HW <G contrary to (5D). The statement is proved.

At this point it is convenient to consider two cases separately.

Case 1. Hisnota T.I. setin G.

Case II. Hisa T.I. set in G.

These cases will be handled in the next two sections. The arguments used to
prove the theorem in the two cases are quite similar.

6. The proof of the main theorem: Case I. The notation of §5 is used. In
addition it is assumed that

(6A) H is not a T.I. set in G.

(6B) There exists z in G such that

1#K=HnNz 'Hz+#H.

Furthermore for any such z, K is a T.I. set in G. C4(K) =K x X for some
nonsolvable group X. If P = H N X, then |P| = p for some prime p, P is not
normal in X and H=K x P.

Proof. The existence of such a z follows immediately from (6A). By (5B)
Co(K) # G. Hence the theorem applied to Cg(K) yields that [H : K] = p for some
prime p. Hence [8, p. 173] C¢(K) = K x X for some group X. Since
{H,z 'Hz)< C4(K) we see that Pis not normalin X and so [6] X is not solvable.
Furthermore |P| = p is a prime and H = K x P. It only remains to show that
Kisa T.I set in G.

Let K, =K Ny 'Ky # 1 for some y € G. Then

K,=HnNnz 'Hz Ny 'Hy Ny 'z 'Hzy.

By (5B), Cg(K;) # G, hence the theorem applied to Cg(K,) implies that
[H:K;]=p. Thus K = K,. Hence K is a T.I. set in G.

For the remainder of this section K will denote one of the groups (depending
on z) defined in (6B). Furthermore

N = NG(K)9
Mo = | U, ) -2

6.1) Xgxx = Elliwi,

where each A, is a linear character of K x X/X, each w; is an irreducible character
of K x X/K and the notation is chosen so that P is not in the kernel of w,.

(6C) Let Y be the normal subgroup of X generated by P. Then Y is in the
kernel of each w; for 2 < i <s. Furthermore w,|y is a faithful character of Y
and w; = (p — 1)/2.
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Proof. For 1 i <s let W, be the kernel of w;. If w(1) <(p—1)/2 then
[5, Theorem 1] PW;<X. Henceif w(l) <(p—1)/2 for 1 £ i < s then
P= ﬂ‘,-=1PWi<1X contrary to (6B). Since (1) < p — 1, this implies that there
exists exactly one k with 1 <k <s such that w,(1) = (p — 1)/2. Furthermore
PW, is not normal in X. Let W =(");»xW;. Then PW NW, = 1. If PEW then
(5F) implies that P <PW. Thus P<X contrary to (6B). Thus P = W and so
Y = W. Hence k = 1 and the statement is proved.

(6D) If x € K then x is not conjugate to any element of H — K. In particular
Ng(H)E N.

Proof. Suppose first that | K| # p. If z”*xz € H for some z € G, then [8, p. 169]
it may be assumed that ze Ng(H). Hence z 'Kz < H.As[H : K]=[H : 27 'Kz]=p
and | K| # p, this yields that K N z7'Kz # 1. Thus by (6B) ze N and z " 'xze K
as required.

Assume now that | K| = p and for some k

(6.2) z7'xz=x*y, yeP”.

By (6.1) and (6C)

(63) 1) = oL ) + T o)
64 KEE) = aDLE) + o aeH)

for 0<j =< p—1. Hence (6C) and (6.3) imply that y, ., contains some linear
character with multiplicity at least w(1) = (p - 1)/20 However Lemma 3.1
implies that ;A o, is @ sum of w,(1) distinct linear characters of (x*y>. As
¥(1) < p—1,(6.2) and (6.4) now yield that y(1)=p — 2, w;(1) =(p — 1)/2 and
either 4; , =4y fOr 2<i<sor x* = 1. If x* # 1 then by (6.3), X has at
most two distinct irreducible constituents. By (6.2) this must then also be the case
for x; (xx,,. Hence Lemma 3.1and (6.4) yield that w,(1) < 2. Thus p <5 and so
x(1) = 3 contrary to (SH).

Assume now that x* = 1. Then since w,(1)=(p—1)/2 and y(1)=p—2 it
follows from Lemma 3.1 and (6.4) that (¥, 1, ) = (p — 3)/2. Hence by (6.2)
and (6.3) Ay ¢y # 1 (x» and 4y 5y = 1, for2 < i < 5. Thus by (6.4) g, ,, contains
no nonprincipal irreducible character with multiplicity greater than 1, while by
(6.3) x;<x, contains 4, with multiplicity w,(1). This contradicts (6.2) and
suffices to prove (6D).

(6E) Ny = Ng(Ny) = N.

Proof. Clearly N = Ng(N,). Since K is a T.I. set Ny < N. It remains to show
that Ng(No) S N. Let y € Ng(No). If x € K then the order of y~*xy divides h.
As y~'xye Ny < N this implies that y~! xy € C4(K). Hence there exists z € Cg(K)
such that z 'y 'xyze H. Now (6D) implies that z™ 'y 'xyzeK and so
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y 'xyezKz™! = K. Thus yeN. Since y was chosen arbitrarily in Ng(N,) the
result follows.

(6F) A; = 1x.x.

Proof. Let yy = 2L, where each {, is an irreducible character of N and
{1)kxx contains ;@ as a constituent. By (6C) {; xxx = 4,0, since K x X<IN.
Let K, be the kernel of A;x, then KNN'cK,. By (5G) K = G’'. Hence
[8, p. 173], K = Ng(H)'. Thus by (6D) K = N’ and so K = K, . This proves the
statement.

(6G) If xe Ny then Cg(x) = N.

Proof. Suppose xe N, such that Cy(x) £ N. Let Ky = K NCg(x). By def-
inition of Ny, Cg(x) # G. Hence if | K, | is not a prime the theorem applied to
Cq4(x) yields the existence of a subgroup K,, such that 1# K; < K, and
K, <1Cg4(x). Since K is a T.I. set in G this implies that C4(x) € Ngy(K,) S N
contrary to assumption. Therefore | K,| = g is a prime.

Assume first that Ko = Cgz(x) "H. Let { be an irreducible constituent of
Xicg(x Which does not have K, in its kernel. Let W be the kernel of {. Then since
K, is not normal in Cg(x), (S5F) implies that K,W/W is not normal in Cg(x)/W.
Hence Lemma 3.1 applied to Cg(x)/W implies that (g, contains at least
(q—1)/2=(x(1) + 1)/2nonprincipal characters of K, as constituents. However (6C)
and(6F)imply that y,x, contains 1, with multiplicity atleast(p—1)/2 2 (x(1) +1)/2.
Hence xx,(1) = x(1) + 1 which is nonsense. Thus K, # Cg(x) N H.

Let Hy= Cg4(x) NH. Then [H,:K,] = p. Suppose now that K # K,. The
theorem applied to Cg(x) yields the existence of a subgroup H,; such that
1# H, < Hand H, <Cg(x). Therefore (H,C;(x)> = Ng(H,). By(SE) Ng(H,) #G
and the theorem applied to Ng(H,) yields the existence of a subgroup H, of H
such that [H:H,] is a prime or H=H, and H,<INg(H,). Since | K| is not
aprime K,=KNH, # 1. As Kis a T.I. set in G, and therefore also in Ng(H,),
thisimpliesthat K = H,.Hence H, = Kor H, = H.As C4(x) € Ng(H;) = Ng(H ;)
it now follows from (6D) that in either case Cg(x) = N contrary to the choice of x.
Thus K = Ky, and H = H,.

Since H <1C4(x) there exists H, such that 1 # H; < H and H; <{C4(x). Further-
more H, # K. Now H, can play the role of K in (6B). Thus (6.1), (6C) and (6F)
applied to H, yield that

N+1
(6. (i 1) 2 KL
Let H, = {xy), where x € K and y € P*. Then (6.1), (6C) and (6F) yield that
(6.6) wxy) = w,(y) + .2_:2 wi(1) 4;(x).

Since y # 1, Lemma 3.1 and (6.6) imply that x5, contains at least



1964] GROUPS 299

(1) = (x(1) + 1)/2 nonprincipal linear characters of H, as constituents. Thus
(6.5) implies that x;4,(1) = (1) + 1. The proof of (6G) is complete in all cases.

(6H) Ny isa T.I. set in G.

Proof. By (6E) N, < Ng(N,). Suppose that 1# xeN, Ny "'N,y. Then
yxy 'eN,. Let K, = K NCg(yxy~"). Thus y ' K,y € C4(x). Hence by (6G)
y 'K,y N. As |y 'K,y|| h we get that y"" K,y = C4(K). Thus there exists
z€Cy(K) such that z~*y™ 'K, yz < H. Hence by (6D) z 'y~ 'K,yz = K. There-
fore y"'K,y< zKz =K. As K is a T.L set in G this implies that y € N. Hence
by (6E) y € Ng(No).

The proof of the theorem in case I can now be completed. By (6B), (6E) and
(6H) Hypothesis 4.1 (i) and (ii) are satisfied where K plays the role of Y. By
assumption, Hypothesis 4.1 (iii) is satisfied.

By (SH) y is irreducible.

Hence by Lemma 4.1

x(1) p—1
G 10 < IKll/z < |K|1/2 :
However (6C) and (6F) yield that
-1
(ks 1p) 2 PT .

Consequently i(p — 1)/2 < (p — 1)/|K|*/2, or |K| < 4. Hence x(1) < |K|-1<3
contrary to (SH). The theorem is proved in case I.

7. The Proof of the main theorem: Case II. The notation of §5 is used. In
addition it is assumed that

(7A) Hisa T.1. setin G.

Define

N = No(H),
Ny = {LJ catn| -2

(7B) No & N = Ng(Ny).

Proof. Clearly N = Ng(N,). Since H is a T.I. setin G, Ny = N. If x € Ng¢(N,)
and y € H, then x™' yx has order dividing h and x™'yxeN,. As No S N every
element of N, whose order divides h is in H. Thus x~'yx e H. Hence x € N.
Therefore Ng(Ny) < N as required.

(7C) Ny isnot a T.1I. set in G.

Proof. If N, is a T.I. set in G then by (7B) Hypothesis 4.1 is satisfied. Since
‘H | is not a prime (5D) implies that G is the normal subgroup generated by H.
Hence by Lemma 4.2 x(1) + 1> |H|"/% Thus if |H| is divisible by exactly ¢
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primes then y(1) + 1> {3(1) + 1}*. Hence t <2 and |H| is a prime contrary
to assumption.

(7D) There exists x € N, such that Cg(x) € N.

Proof. Suppose that Cgz(x) = N for every xe Ny. By (7B) and (7C) there
exists y¢N and 1#xeNoNy !Noy. Let H,=HNCg(yxy™ ). Thus
y 'H;ysCe(x)SN. As |y 'H,y||h we see that y 'H,ycH. Thus
y€ N = Ng(H)since H is a T. 1. set in G. This contradicts the choice of y.

(7E) If xeNgand Cg(x)& N then Cg(x) NH has prime order. Furthermore
Cs(x) N H is not normal in Cg(x).

Proof. Let H, = H N Cg(x). Thus H, # 1. If |H,| is not a prime then the
theorem applied to Cg(x) yields the existence of a subgroup H, such that
1# H, < H, and H,<C4(x). Hence C4(x) = Ng(H;). Thus C4(x) = N as H is a
T.I. set in G, contrary to assumption.

(7F) Suppose that xe Ny and Cg(x) ¢ N. Let C4(x) NH =P and |Pl = p.
Then H=K x P for some group K and Ng(P)= Ng(K)= N. Furthermore

x(1)+1§p—1’

(7‘1) (XIP: lP)P < 2 2
and

-1
(1.2) Ctaxs 10x 22—

Proof. Let C = Cg(x). By (7E) | P| = p is a prime. Let
(7.3) Xc= + 4,

where p is a character of C which has P in its kernel and w is a sum of irreducible
characters none of which have P in their kernel. Let w, be an irreducible con-
stituent of w and let W be the kernel of w,. If WP« C, then by (5F) P<1C contrary
to assumption. Hence Lemma 3.1 applied to C/W implies that w,(1) = (p — 1)/2.
As (1) < p — 1 this yields that @ = w, is an irreducible character of C. Since y is
a class function of G, Lemma 3.1 implies that

(7.4) e =[Ng(P):C4(P)] = [Nc(P) : Cc(P)]-
By (7.4) there exists a cyclic subgroup E; of C such that E; < Ng(P)and
e= [NG(P) nEIP . CG(P) ﬁElP].

Since P =Z(H{x)) we have [8, p. 173] that H =P x K for some group K,
K<H<{x) and K is uniquely determined by these conditions. Furthermore there
exists a subgroup H; of H such that H=P x H, and H,<Ngz(P). Hence
H,<H<{x), thus the uniqueness of K implies that K = H;. Hence K< Ng(P).
Using the same argument we get the existence of P, in H such that K x P, = H
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and P, < N4(K). Therefore P = P, since P = Z(H {x )). Consequently since H is a
T.L setin G,

(7.5) Ng(P) = Ng(K) < N.

Furthermore (7E) implies that

(7.6) Ces(X*YNK =1 for x*¢ Z(G).
Define
X = (xDKPE,.
Let
(7.7) Nx=a+pB,

where f is a character which has P in its kernel and « is a sum of irreducible
characters none of which have P in their kernel. Comparing (7.3) and (7.7) we get
that

(7.8) X) > PEy = Qx> PE, + W x> PE; = % x> PE, T ﬂ| (x)PE,*
Hence by Lemma 3.1

-1
wp=ap, o(l)=e= p___2 ,
or

wp=0op+1p, w(1)=P—e%p;1-

Therefore (7.8) implies that

-1
(1.9) O re = U eorrs @) =e=2"—
or
+1
(7.10) Olore, = Hoors, + 4 o()=p—ez =,

where A is a linear character of {x >PE; which has P in its kernel. Therefore in any
case Lemma 3.1 implies that

(1.11) (p> 1) =0, a(l) 2 5%1.

Since x € Z(C) and since w is an irreducible character of C, it follows from
(7.9) and (7.10) that Ia(x)l =a(1). Thus if W is the kernel of « ,k, then
xW|W € Z({x)K|W). Therefore by (7.6)

(7.12) ag = o(D1g.
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Now (7.1) follows from (7.11) since x(1) < p — 1, while (7.2) follows from (7.11)
and (7.12).

In view of (7.5) it only remains to show that K<IN. Let ye K and let z€ N.
Then z~'yz e H. Assume that z ~'yz ¢ K. By definition (oyg, 15) = 0. Thus by
(7.12) (g, 1g,) = 0 for any subgroup H, of H which is not contained in K.
Hence («j¢z-1yz, 1z-1,2,) =0. Hence (7.7) and (7.11) imply that

- 1
(X](z‘lyz), - 1yz>) < —5 4 2

Therefore (¢, 1) <(p—1)/2 contrary to (7.2). Thus 2z 'yze K. Hence
ze Ng(K)and K< N as required. The statement is proved.
Let K be a fixed group defined by (7F). Define

M={ U, ) -zo.
yekK

(7G) If xe N{ then C4(x) = N.

Proof. Suppose that xe N, and Cg(x) ¢ N. Let Q@ = Cg(x) NK. By (7E)
| Q| = q is a prime and Q = Cg(x) N H. Hence (7.1) applied to Q in place of P
yields that (xjq, 1¢) < (x(1) + 1)/2. However since Q < K, (7.2) implies that
(210> 19) = (x(1) + 1)/2. This contradicts the assumption and establishes the result.

(TH) Kisa T.I. set in G and N, =< Ng(N,) = Ng(K) =

Proof. Clearly K = Ng(K). If 1#xeK Nz 'Kz, then ze N. Hence by
(TF) ze N¢(K) and K is a T.I. set in G.

Clearly N = Ng(N,). Since K is a T.1. set N; € N. It remains to show that
Ng(N{) = N. Let y e Ng(N,) and let z€ K. Then the order of y ~'zy divides h
and y "'zye N,.Thus y~*zy e H. Hence, y € Nsince Hisa T.L. setin G.

(7D) Nyisa T.I. setin G.

Proof. By (7TH) N, < Ni(N,). Suppose that 1#xeN, Ny 'N;y. Then
yxy~teN,. Let K, =K NCyyxy~ ). Thus by (7G) y 'K,y <= Ce(x) S N.
As |y 'K,y||h, this yields that y"'K,y < H. As H is T.I. set in G we get that
y €N = Ng(N,) by (TH).

The proof of the theorem in Case II can now be completed. By (7H) and (71)
Hypothesis 4.1 is satisfied with K and N, in the role of Y and N, respectively.
By (5H) g is irreducible.

Thus by Lemma 4.1j

(ks 16) <773 ~1

GRS |K|1/2

|K|1/2
Hence (7.2) implies that (p—1)/2<(p—1)/|K|"/2. Thus |K|<4 and so
2(1) <| K| =1 < 3 contrary to (5H). This completes the proof of the theorem

in Case II.
The results of §§6 and 7 suffice to prove the theorem in all cases.
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